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Abstract — Equivalent Thevenin Source (ETS) method is here
used for analysis of two-dimensional circuit constructed as
cascade-connected uniform transmission lines with different
lengths and reduced widths. New relations for solving such
circuits are given and presented procedure is verified on two
examples.
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I. INTRODUCTION

Different concepts for modelling and analysis of a large
class of two-dimensional circuit structures are given in the
papers [1-8]. The papers [1-2] describe two different methods
for analysis two-dimensional transmission line equivalent
circuit. In both papers the line is characterized in term of its
transmission matrices A, B, C and D to discuss its
properties. In the paper [1] ETS method is given and analysis
is based on decomposition that two-dimensional circuit into
cascade-connected ladder subnetworks with same number of
input and output ports. This method is much efficient than the
method of direct multiplication of the individual chain
matrices [2].

The ETS method described in [1] can be applied to cascade
connection of uniform lines with different lengths and reduced
widths. Two-dimensional circuits are represented as cascade-
connected networks with different reduced number of ports.
Relations needed for analysis of such networks are given here.
Also, the proposed procedure is verified on two examples of
impedance transformer with different number of sections in
cascade and different reduced number of ports in each section.

I1. ETS VOLTAGE AND IMPEDANCE CALCULATION
— A SIMPLE CASE

Cascade-connected planar transmission lines of different
widths and lengths can be analysed as cascade-connected
networks with different number of input and output ports.
Such multi-port complex network is shown in Fig.1, where the
first network is ETS described by matrix relation

Us =Uot = Z51 5. (1)
In case of real sources the matrix Z,; is a diagonal matrix
which elements are
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Zii=Rij, 2
and i=12,..,L. The first and the other networks including
the k™ network as the last one have 2L ports. The k +1%
network and all networks till the end have 2L; ports, where
L; < L. The voltage and current’s subscripts 1 and 2 indicate

the input and output ports, respectively, and the superscript

indicates the number of network in cascade connection.
Cascade-connected networks with the same number of input

and output ports can be analysed by ETS method [1]. Voltages

and impedances of the k™ network can be recovered from the
recurrent relations

Ufr =[A+Z55'C 1 UE, ©)
k _ k-1 -1 k-1
Zat =[Ac+Zo7 Cy ] "[By + Zo7 Dkl Q)
It can be shown that these recurrent relations can be used
also for the next cascade-connected network with different
reduced number of ports.

Multi-port network with L input and L output ports can be
described by the equation system

Ur = AUS +By IS, ()
1X =C Uk +D, 1%, (6)
where A, B,, C, and Dy are transmission matrices of the

k™ network in the cascade connection. If those networks are
ladder networks then their matrices are given in the paper [1].

The impedance matrix obtained by the equation (4) is full
matrix

zZfy - Zfy
zZ& =) v @
zt zZf,
and it can be divided according the network connection given
in Fig.2 in the next form
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The output voltage vector of the network can be

divided in the next form
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_Fig.2. Junction of two networks with different number of ports.

and the voltage vector of ETS at the Kt

can be divided in the form

open ended network

T
ko — |k k k k k k
Uor —[UzT,l"'UzT,m—l U2t m Uzt (Ut nar Ut L

_ |k k k|7
= [UZT,l |Ug72 U733
(10)

The transmission matrices of the k+1% network and the
other networks till the end are quadratic matrices of sizes
L x L and shapes

1 0 0 0 0 0

A = 0 AI£+1 0l B+ = 0 BIE+1 0, (11)
0 0 1] 0 0 0
[0 0 0]

Cks1=|0 Ciyy O and Dy =1, (12)
0 0 O

where 1 is identity matrix and 0 is zero matrix. The matrices
Al.i, Bl and C[,; are matrices of the k+1% network
with real number of ports and their sizes are LyxLg,
Ly =n-m+1.

Substituting the relations (8) and (10) into (3), the relation
(3) can be further written as follows

K kL gkl _ gk

(le [Clzﬂ)ﬂuz;,z +Uzr1 =Ug71, (13)

(A|:+1 +25, [(D{H)EUJE‘#Z = UIZ(T,Z' (14)
K KAl gkl ok

(232 ECIEH)WJZ'IT,Z +UzT3 =Uzr 3. (15)

The output voltage vector U%T,Z is the input voltage vector

for the k+1% network and it is necessary to solve only
relation (14) in order to obtain the output voltage vector

Ulz(;r,lz =[Afs1 +Z§2CI£+1]_1U|2(T,2’ (16)

for the k +1%t open ended network.

The impedance matrix of ETS for the k +1%t network is
2514:,12 =[Ag + ZgZCIE+1]_1[BI£+1 + 252 Dy+1l. (17)

The last two recurrent relations are equal to the recurrent
relations (3) and (4). The matrices used in these relations
have the smaller dimension than the matrices used in the
relations (3) and (4).

If all voltages

; ; ; I
Upt =|Usr11Usr 2 [Us73] (18)
where i=k+1,k+2,.. K and K is a total number of

networks in cascade connection, are needed than the equation
system (13-15) must be solved.

The solving procedure for cascade-connected networks with
reduced number of ports is as follows:

1. The relations (3) and (4) are used to obtain U%‘T and

Z%‘T, i.e. ETS voltages and impedances for the first k

cascade-connected networks. These vector and matrix are
applied to the input ports of the next cascade-connected
network.

2. The matrices Af,;, Bjy and Cf,, are formed for the

k +1° network with 2L, ports.
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3. At the junction between the k™ and k+1% networks, o Cﬁﬂ 0
because of the reduced number of input ports, it is Ca = 0 le ) ' (22)
+

necessary to get only voltage vector UgT,z from vector
UET and matrix 252 from matrix ZET (Egs. (10) and

(8)). The voltage vector Ug{lz and impedance matrix

25{12 are calculated from relations (16) and (17).
4. For the further calculation, k+2,k+3,... K, it is
assumed  Z5i' =Z%+, and U =UL, and the

relations (3) and (4) can be used for solving the rest of the
networks in the network cascade connection.

1. ETS VOLTAGE AND IMPEDANCE CALCULATION
— A ComPLEX CASE

Solving procedure described in previously chapter can be
also applied to complex network connections, as shown in
Fig.3. The networks 1 and 2 are connected at the output ports

of ETS with voltage UE‘T and impedance ZE‘T. Number of
ports for those networks are 2L; and 2L,, respectively,
where Ly =n-m+1 and L, =q-p+1.
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Fig. 3. Connection between the k™ network and
the k +1% networks 1 and 2.

Solving procedure for this case is:

1. The voltage vector obtained by the equation (3) can be
divided in the form

. k k k kKT
Usr ‘[UZT,lm Uo7 mn [U27 np Y27 pg |U2T,qL] ,(19)
where

K _ ik kT
UsT mn —[UzT,m '”U2T,n] (20)

and

S k|7
U2T,pq _[UZT,p ”'UZT,q] (21)

2. The next matrices are formed for both k +15¢ networks

1 1
A&+1 =|:Ak+1 (2) }y B&+1 =|:Bk+1 (2) :| a.nd
0 A+ 0 Bi+1

3. The impedance matrix given by (7) after the
corresponding reduction is
[k k k k
me Zmn | Zmp qu
: A :
k k k k
Zom o Zpn | an an "
zKk | - - _ | - - - |=|f A2
2T Zk Zk
k k k k
Zpm Zpn | Zpp Zpq aoz
: A .o
k k k k
_qu o Zgn | Zgp o Zgg ]
(23)

4. The voltage vector Usz,z in the relation (16) is

K |k ko |T
Uzt 2 -[UzT,mn |U2T,pq]
and impedance matrix 252 = ZET , where ZE‘T is defined
with (23). The voltage vector

.
k+1 _ | yk+1 k+1
Uzt2 =[Uotmn |U2T,pq]

(24)

(25)

and sz;,lz are calculated from the relations (16) and

7).

5. For the other networks in cascade connection till the
outputs of networks 1 and 2 the relations (3) and (4) are
used.

V. EXAMPLE

Consider a cascade-connected transmission lines on a
100um GaAs substrate with €, =12.9. Transmission lines

are terminated in impedances Zg =50Q at input ports and in
impedances Z, =150Q at output ports as shown in Fig.4.

This system can be treated as impedance transformers with
different number of sections in cascade connection. Two cases
are observed:

Case I: Three cascade-connected microstip lines of equal
lengths d =1000um and different reduced widths

wl=500um, w2 =250um and w3=50um.

Case Il: Six cascade-connected microstrip lines of equal
lengths d =500um and different reduced widths
wl=500um, w2 = 400um, w3 =350pum ,

w4 = 250um , w5 =150um and w6 =50um .

input 1 2 output

Zc3

Zc2

Zcl

Junction 1 Junétion 2
Fig. 4. Cascade connection of three microstrip lines
of different reduced widths.
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In both cases first line is terminated in impedances Zg at
input ports and the last line is terminated in impedances Z,
at output ports. The lines except the last one in both cases are
analysed as open ended lines. For these lines the input
voltages and impedances are corresponding ETS voltages
U,t, and impedances Z,7 ,. The voltages U,r , for the
last line are real voltages at loads impedances Z, . Lines are

segmented arbitrary.
Scattering parameters of the sources and loads are

— Zin ~Zs S, = 2L~ Zout
U= 17 2=7 "7

in S L out

where Z;, and Z,, are input and output impedances,
respectively. These impedances are calculated as in reference
[1]. Here, we observe magnitude of scattering parameters S;;
and S, for different number of sections in cascade. Figs. 5
and 6 show the magnitude of scattering parameters S;; and
S,, versus frequency, respectively. Cascade connection of six

microstrip lines gives better results in wider frequency band
than cascade connection of three microstrip lines.

. (26)
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Fig. 5. Magnitude of the scattering parameter Sqq versus frequency.
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Fig. 6. Magnitude of the scattering parameter S,, versus frequency.

V1. CONCLUSION

ETS method given in the paper [1] is used for analysis of
two-dimensional circuit represented as cascade-connected
networks with equal number of input and output ports [3].
Here, it is shown that this method can be implemented for
analysis of cascade-connected networks with different
reduced number of ports. The additional relations needed for
analysis of such two-dimensional circuits are evaluated. To
verify the solving procedure, two examples of cascade-
connected uniform microstrip lines are given.

It can be concluded that described analysis procedure can
be applied to both symmetric and asymmetric connections of
transmission lines with different lengths and reduced widths.
The voltage vector and impedance matrix are reduced
according to the junction, i.e. network connections.

The next step will be derivation of new algorithm for
analysis some other types of various tapered microstrip
transmission lines.
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